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ABSTRACT

.... '-"

Curves of growth are calculated for autoionizing transitions having

the Beutler-Fano form o·f absorption cross section. Both graphs and tabu-

lated values of the curves are presented. The curve-of-growth analysis

o
is applied to the 3s-4p transition in argon at A 466 A. 1ne line param-

eters r, q) and p2 obtained by fitting the theoretical and experimental

equivalent widths are in good agreement with other high-resolution values.

The curve-of-growth technique thus appears to be an attractive method for

• determining the parameters of a~toionizing features. The application of

this technique to making path length or particle density measurements in)

for example) a King furnace or a plasma is also discussed.
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INTRODUCTION

.....

Thanks to the development of strong light sources and good detectors

for t~e vacuum u~traviolet region, there has been much recent interest in

the meas~rements of intensities of Dutoionizing line profiles.
...

. .

The theo-

.••. retical work of Fano1 and Fano and· Cooper2 has led to a characterization

of the autoionizing lines first seen by Beutl~r~ in the rare gases. Sev-

·e.rair~cent·experimental measurements have confirmed the theoretical inter-

pretation of ~he line shapes, and have led to accurate values of the relevant

line parameters. Among these are the photographic measurements of Hadden and

Codling4 on the 2s2p lpO state of helium, and the photoelectric and photo-

graphic measurements of Levy and Huffman5 and Hadden, Ederer, and Codling6

of

on the 3s-4p Rydberg member in argon.

In the present work we will explore the curve-of-grm"'th technique7 to

·characterize the shape and width of autoionizing line profiles. Just as with

the more conventional Lorentzian, Doppler, or Voigt profiles, the approach

here is useful for extracting line parameters, or making pressure or path-

length measurements, in cases ",here the autoionizing line-width is comparable

to, or several times smaller than, the slitwidth of the spectrometer used in

the measurements. This predicament arises when we are confined to the use of

weak light sources, or when the width of the autoionizing level itself is small

?S in, say, the helium (sp, 23+) lpO state. 4

We will present the curves of growth for lines having the Beutler-Fano
. .

form of the absorption cross secti·on. We will also ,apply the technique to the

3s~4p transition in argon. In this way we will both illustrate the curve-of-

growth method, and give some idea as to the accuracy to which one can measure
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the line parameters.

THEORETICAL CONSIDERATIONS

Following the treatment of Fano and Cooper2 we represent the absorption

::: cross section in the vicinity of an autoionizing transition as

..

(1)

1..

"'

Here e = (w-wo)f(~r) is the distance from the resonance (centered at wo) in

. units of ~r, w is the energy of the incident photon, and r is n divided by

the lifetime of the autoionizing state. The parameter q2 is the matrix

.~ element which connects the lm.;rer state and the "modified" discrete state1 ,

divided by tile matrix element which connects the lower state and a bandwidth

·.f of continuum states which interact with the discrete state. The quantity

cr is the absorption cross sec tion to the continuum which mixes vIi th the
a

discrete state, while cr
b

is the absorption cross section to any other con-

tinua which do not interact with the discrete state.

We can rewrite Eq. (1) as

(2)

where er ~ era + er
b

is.. t

the resonance, and p2

the total absorption cross section away (e »1) from
I

is the ratio cr fer. We define the equivalent width as
a t

the net area" of the autoionizing feature (relative to the baseline determined

'. by cr~) divided by the incident light intensity. If we let 10 be the incident

light" intensity, then the transmitted intensity I in the presence of the

'.
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continua is I = 10 exp(-crtNi) where N is the number of lower state atoms

.or molecules per cm3 , and i the absorption ·path length in cm. The equiva-

lent wIdth is then (in units of eV, for example)

"\ ~'.":.,

.' ~ ..... ".: ".

" .. ,:- :,-,
," .
-. ~ .:' " .

. :..~.~ ~- ,.. .: ".-: .

....
..:.~.

. W(eV) (3)

.". . . '.' ~ .. :.•..

:.~; Using Eq'~ (2), and after several straightforward manipulations, we can

transform Eq. (3) into the easy-to-use form

.:"',

...... " .. :

W(g, 02 ,8)
r

(4)

•where the left-hand sid? is now l"(q,p2,~)/r and y]here ~ = Ncr 1., is a measure
t

of the strength of the absorption, and is an experimentally obtainable quan-

.tity.

There are several ~nteresting features to Eq. (4). All the variables

'(W/r,q,p2,~,E:) are dimensionless, so that Eq. (If) and the subsequent curves

'of growth~re quite universal, and apply to all experimental setups. Also,

from the way we have split up the first two exponential factors, we have the

following generating equation
J

This equation eliminates p2 as an independent parameter in the calculation

(5)

·of the curves of growth. We can now calculate a se\ of curves of growth for

different q, and with p2 = 1. We then have the set of curves for any other

~. p2 < i fro~ Eq. (5).

" :.
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Fin~lly, we note that w/r is an even function in q. This means that

formally vIe can only get the magnitude of q from a curve-of-grmolth analysis.

But in practice, if the finite resolution of the spectrometer has not dis-

. torted the line shape too badly, then one can often determine the sign of q

by looking for the asymmetry· in 'the expe~imental1y-broadenedline shape (see

Fig. 2). In many cases, however,the sign of q may not be needed, since

important physical quantities, such as the absorption f-value to the modified

discrete state, depend on q2.

We could find no closed form expression for the integral in Eq. (4), 50

we evaluated it numerically by the method of Gaussian quadratures.8 'l'he value

of the integral W(q,I,~)/r was calculated in 0.25 and 0.50 steps in ~ for

• 0 ~ ~ ~ 8; and in 0.5 steps in q for 0 ~ q ~ 3. We found that for an upper

limit .to the integration of c = c = 104 , the relative error in the trun-
max

cation from e to ~ was always less than 0.035%. The relative error in the
max

convergence of the integral was held to less than 0.015%, or roughly to one-

half the truncation error. The slow convergence of the integral stems from

the fact that the integrand in Eq. (4) goes as II e? for large c (vlhere 1 + e? ,v

&2, and where the exponential and hyperbolic cosine expansions are appropriate),

't~5%; and it may not be necessary in some cases to 'evaluate Eq. (4) numerically
-....

50 that the truncation error, is proportional to lie
max

The computed values of W(q)l,~)/r are presented in Table I, and in graphi-

cal form in Fig. 1. The values can be easily interpdlated in~. Where the

curve of growth for a non-tabulated value of q is desired, it may be inter-

polated from the values in Table I. This procedure will be accurate to about

for the intermediate value of q.

"

-4':'

j



It is interesting to note that the equivalent widths in Table I and
.....

Fig. 1 are negative for most ~ .and for most q. This is in contrast to

. the usual curves of grm.,th7 where the equivalent width is always positive,

-and is a reflection of the fact that the autoionizing feature,for most q
- -

_and ~, is a" relative emission feature. (As can be seen in Fig. 2, the

teature stands out above its background given by I/~o = exp(-atNt).) At
",",

" the point e = -q in Eq. (1) the cross section has a relative minimum and

-gives rise to a "transmission \olindo",." Ha thematica lly, the hyperbolic cosine

. ," .
- factor in Eq. (4) is increasing rapidly with e for most values of q and ~, so

that the integrand is usually negative.

EXPERIMENTAL DETAILS

- We were able to measure the variation .of W with ~ for the 3s-4p Rydberg

transi tion in argon, and to compare these results wi th the curve of grm.,th

calculated from Eq. ({~), using the line parameters from the high-resolution

measurements of Hadden, Ederer, and Codling.6

The experimental apparatus consisted of the follm.,ing elements: a pulsed

light source to provide a continuous extreme ultraviolet spectrum, a mono-

chroma tor to disperse the radiation, an absorption cell, and a photomultiplier

to detect the incident and transmitted ultraviolet energy. The photomultiplier

output was amplified, detected ~ynchronously at the light source firing rate,

and the output recorded on an XY recorder.

The light source was a triggered low-pressure,condensed spark in air,

employing a uranium anode and a very low-inductance capacitor. 9 Quite high

current densities were obtained with this low inductance. This-feature;

........
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:. ...

together with the use of a high atomic-number anode, produced the Vodar
. - .

continuum10from greater than 1000 A to at leas t 300 A.
", ---

'The 'radiation was dispersed using a I-meter Seya-Namioka monochromator
~~.,.

. with ag61c1,-coated, 1200 line/mm ti'ipartite grating blazed for 750 A. The,_

iin'e~r dispersion at the exit s1i~ was l20\-1/A and the resolution was 0.75
........... ':."
. _. - o'

1.0 A., The main chamber of the monochromator was pumped with a four-inch

diffu~roripump'using a liquid nitrogen-cooled ·trap. With the light source

•. operating at a pressure of 30\-1, the main chamber pressure was (1-10) X 10-5

'To,rr ~ depending on the slit sizes and the pressure in the absorption chamber .

. Radiation passing through the exit slit entered the absorption chamber

~hich ~onsisted of a cylinder of length t = 37.0 Cm. The gas to be studied

~ was admitted into this cell through a leak valve, and pumped out by the main

chamber diffusion pump via the exit slit of the monochromator. All gas

pressures in this state of "dynamic equilibrium" were measured with a HcCleod

gauge attached to the cell. A given pressure of argon could be maintained to

3-4% for an indefinite length of time.

The detector was an ITT FH 131 windo\-lless electron multiplier to which

was attached a large copper cathode. The use' of the copper photocathode re-

duced tlle sensitivity of the detector to bothersome long-wavelength scattered

light, and ~litted less noise than the combination of a fluorescent screen and

photomultiplier sensitive to visible radiation. The electron multiplier was

.
isolated from the absorption cell by a very thin collodion film mounte,d on a

-
. nickel mesh. The film was mounted in the blade of a gate valve, and could be

used as a gas seal, or moved out of the optical beam. The transmission of the

film in the extreme ultraviolet was of the order of ten to twenty percent. The

-6-



...

'small amount of gas which did leak into the detector region was removed by

· a two-inch diffusion pump, also trapped with a liqui~ nitrogen-cooled baffle .

. . . Current pulses from the multiplier anode were amplified with a wideband

voltage amplifier and fed to a boxcar integrator. The integrator was trig-

'., .. gered by the oscillating voltage on the capacitor plates obtained through a
.

capacitive voltage divider. Each time the li&lt source fired, the boxcar

integrator would be triggered and an electronit gate would open for a period

of about 3~sec. The voltage appearing at the input during this interval was

integrated and averaged and the average value recorded on an XY recorder. A

typical spectrum of tile argon 3s-np autoionizing features is shown in Fig. 2.

.~ RESULTS AND DISCUSSION

We measured the equivalent width of the 3s- llp transition at argon pressures

of 0.018 Torr to 0.213 Torr with a constant path length of t ::: 37.0 Cm. The

corresponding observed range of ~ was 0.72 to 8.52, respectively. The zero

light level was determined before, during, and after the measurements, and the

pressure was allowed to equilibrate for several minutes at each new pressure.

The data are presented in Fig. 3.

· 4-10 scans over the same line.

Each point sho"m in Fig. 3 is an average of

The experimental error in the measurements is about 8-15% for ~ > 2.

· Several sources of error become important at small values of ~ and give rise
. .

'. to a spread of abou t 20% in the measurements wi th ~ < 2. The ligh t .source

itself has a weak, erratic emission line (due to either air or argon ions in

the lamp) which overlaps the lower-energy edge of the argon resonance, and

'. which contributes about 10-15% to the equivalent width at these absorptions.'
. '
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·Another source of error is inherent to the Beutler-Fano shape itself. The

wings of the profile extend over many lineHid ths, so tha t some part of the

equivalent width is a~ways buried in the noise and amplitude fluctuations

of the pulsed light source. This latter effect would tend to decrease the
... ' . .:.' '.. ..

·value of the equivalent ",idth, and probably compensates in part for the

overlapping emission line. Both.of these difficulties could be remedied

by a source which had 10\01 noise, and no emissit>n lines, such as the electron

.synchrotron.

It can be seen from Eq. (4) that W is a function of the three independent

line parameters so that, in principle, it takes only three measurements of W

at different ~ to obtain f, lq 1, and p2. In actual practice, ,,-,here experi-

• mental errors are involved, one must take many more nleasurements, and then

systematically search for the parameters f, lql, p2 which give the minimum-

error fit to tile experimental widths. 1be analysis which we used to obtain

the line parameters was done in the follo';<ling way: from a preliminary study

of the data and the theoretical curves of grO\\'th ",e found tha t the varia tion

of the equivalent width with ~ was fairly insensitive to the value of q for

the small value of q encountered. For convenience, we started with the value

of lq I =: 0.22 from the work of Hadden, Ederer, and· Codling. 6 By examining

the relative shape of the experimental variation of W with ~, and comparing

this to the theoretical shape for several values of .p2, we determined the

best-fit value of p2. Then, having the proper shape, we determined r by

normalizing the experimental values of W to the theoretical values of w/r.

We found the parameters for the best fit to be p2 == 0.85 ± 0.02 and r =:

o

1.45 ± 0.29 A (0.083 ± 0.017 eV) ..This compares with the high resolution

v~lues4 of. p2 ::: 0.86 ± 0.04 and r ::: 1.40 ± 0.09 A (0.·080 ± 0.005 eV). The

-8-
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..
major source of error in our determination of r was due to small periodic

.: nonlinearities in the grating sine-bar drive.,
0:" .•
........:.: ..

These were in part minimized

by calibrating the linear dispersion with several Ar VII, VI, and V lines
,

:.," excited by'running the lamp in argon.

·'The results of the fit for three values of p2 = 0.80, 0.85, and 0.90
.~ .'.

are shown in Fig. 3. Also, using the best-fit.para~eters found above, we

.'.;.~ have plotted in Fig. 4 the curves ofgrmvth for Iql = 0.0 and 0.5, along
. ~.-.... .: :. . . .

with the c~rve for Iql = 0.22. The·three curves all fall fairly close

together, but the ·value of Iql does lie somev,here between 0.0 and 0.5. This
. . . .

· situation improves somewhat for larger values of lq I where (see Fig. 1) curves

.. for different Iql lie further apart.

.~ In addition, by m~asuring' 1/10 = exp(-atN.O a\'lay from the resonance, we

found that the total continuum absorption cross section at vlaS (33 ± 2) X 10-1 8 cm2,

· which compares with the values (35 ± 2) X iO-18 cm2 of Ref. 4 and (33 ± 2) X

The curve-of-grmvth approach can be used to obtain values of the line

parameters when sufficiently hiV1 resolution is not available. Another

application of ~1is technique is useful when the line parameters r, lql, and

p~ are known from previous measurements on a particular line. If we then

measure the equivalent width of tni; line at two different pressures, we can,

using the appropriate curve of growth, find the values of ~ in our experiment.
I

· We then have the product Nt, so that knowing either the particle density or the

path length, we can determine the other. This approach is useful in, for example,

'a King furnace or a plasma where one often knows tne path length quite accurately,

but has no measure of the particle density .

...

....... .
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Finally, during the course of this work we learned of a previous study

of autoionizing curves of growth by Nossal'and Heiss. 11 Our treatment differs

from theirs in several ways. We have set up the problem in a universal form

which is also easy for experimenters to use. We have also verified experi­

mentally that the autoionizing lines do grow as calculated, and we have

attempted to define the limits of usefulness of this technique.

CONCLUSIONS

. Curves of growth were derived for lines having the Beutler-Fano form

of absorption cross section. The curves were calculated and displayed for

p2 == 1, and a generating expression given for values of p2 < 1. Although

a formal curve-of-growth analysis can at best yield only tlle magnitude of

q, the sign may sometimes be evident from the asynnnetry in the observed

. profile.

The technique is applied to the 3s- l lp transi tion in argon. \ole have

fitted the experimental variation of the equivalent \-lidth \-lith pressure,

with the theoretical curves for different values of the line parameters.

We find good agreement between the. line parameters obtained in this way

.with previous high-resolution measurements on the same line, confirming

that the profiles do actually grow as calculated .

....
r .
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FIGURE CAPTIONS

1. Curves of growth of spectral lines having the Beutler-Fano
: ;

i profile. The curves are compu ted wi th p2 == 1. Curves for

,.. .. -..
':.-,

" "':: Figure" 2.
... , ....

..

""" p2< 1 can be derived from the generating formula given in

Eq~ (5).

:.

Recording of the 3s-np Rydberg series in argon with a value

of ~ of 6.8. The wavelength scale is approximate. The slit

width here is about 2/3f, but we can still pick out the

steeper side of the 4p member. In this 1/10 spectrum the

" steeper side f~ces lower energy, so that q is negative .

" Figure 3. Plot of the experimental equivalent \odd ths (open circles)

with the best-fit curve having p2 == 0.85, and with curves

for p2 == 0.80 and 0.90. The value of Iql here is 0.22.

'.

Figure 4. Plot of the experimental equivalent widths (open circles)

with the best-fit curve having Iql == 0.22, and with curves

for Iql == 0.0 and 0."5. The value of p2 here is 0.85.
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